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We present an overview of rare K, D and B decays. Particular attention is devoted to those flavour-

changing neutral-current processes of K and B mesons that offer the possibility of new significant

tests of the Standard Model. The sensitivity of these modes to physics beyond the Standard Model

and the status of their experimental study are also discussed.

1 Introduction

Why are we interested in rare decays? As a

general rule, rare processes are particularly

interesting when their suppression is associ-

ated to some, hopefully broken, conservation

law. The most significant examples in this

respect are proton decay and µ → eγ: pro-

cesses completely forbidden within the Stan-

dard Model (SM) that, if observed, would

represent an invaluable step forward in our

understanding of fundamental interactions.

Conservation laws that so far appear un-

broken can also be tested by means of heavy

mesons. However, the most interesting per-

spectives in rare K, D and B decays are

probably those opened by precision studies of

flavour-changing neutral currents (FCNCs),

or transitions of the type

qi → qj +







νν̄

`+`−

γ

(1)

These processes are not completely forbid-

den within the SM, but are generated only at

the quantum level because of the Glashow–

Iliopoulos–Maiani (GIM) mechanism,1 and

are additionally suppressed by the hierar-

chical structure2 of the Cabibbo–Kobayashi–

Maskawa (CKM) matrix.3 FCNCs are thus

particularly well suited to study the dynam-

ics of quark-flavour mixing, within and be-

yond the SM. As a matter of fact, some of

these processes (such as KL → µ+µ−) have

played an important role in the historical for-

mulation of the SM.

As discussed by many speakers at this

conference, the CKM mechanism of quark-

flavour mixing is in good agreement with all

data available at present. The recent mea-

surements of CP violation in the Bd system
4,5

add a new piece of information that fits re-

markably within the overall picture.6 One

could therefore doubt about the need for

new tests of the SM in the sector of (quark)

flavour physics. However, there are at least

two arguments why the present status cannot

be considered conclusive and a deeper study

of FCNCs is very useful:

• The information used at present to con-

strain the CKM matrix and, in particu-

lar, the unitarity triangle,6 is obtained

only from charged currents (i.e. from

tree-level amplitudes) and ∆F = 2 loop-

induced processes (see Fig. 1). In prin-

ciple, rare K and B decays mediated by

FCNCs could also be used to extract in-

direct information on the unitarity trian-

gle. However, either because of experi-

mental difficulties or because of theoret-

ical problems, the quality of this infor-

mation is very poor at present, with at

least O(100%) uncertainties. Since new

physics could affect in a very different

way ∆F = 2 and ∆F = 1 loop-induced

amplitudes [e.g. with O(100%) effects in

the former and O(10%) in the latter], it

is mandatory to improve the quality of

the FCNC information.
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Figure 1. Definition of the reduced CKM unitarity

triangle,7 with the indication of the most significant
experimental constraints currently available.

• Most of the observables used in the

present fits, such as εK , Γ(b → u`ν̄) or

∆MBd
, suffer from irreducible theoreti-

cal errors at the 10% level (or above).

In the perspective of reaching a high de-

gree of precision, it would be desirable to

base these fits only on observables with

theoretical errors at the percent level (or

below), such as the CP asymmetry in

B → J/ΨKS . As we shall see, a few

rare K and B decays could offer this op-

portunity.

Motivated by the above arguments, most of

this talk is devoted to K and B decays that

offer the possibility of precision FCNC stud-

ies. In particular, K → πνν̄ decays, the

so-called golden modes of K physics, are dis-

cussed in Section 2; in this section we shall

also make some general remarks about non-

standard contributions to FCNCs. Rare K

decays with a charged lepton pair in the final

state are discussed in Section 3. A general

discussion about inclusive FCNC ∆B = 1

transitions is presented in Section 4. Section

5 is devoted to B → Xs,dγ, whereas inclusive

and exclusive B decays with a charged lepton

pair in the final state are analysed in Section

6. A brief discussion about other processes,

including D decays and lepton-flavour vio-
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Figure 2. One-loop diagrams contributing to the s→

dνν̄ transition.

lating modes is presented in Section 7. The

overall picture is summarized in the Section

8.

2 FCNCs in K decays: the golden

K → πνν̄ modes

The s→ dνν̄ transition is one of the rare ex-

amples of weak processes whose leading con-

tribution starts at O(G2
F ). At the one-loop

level it receives contributions only from Z-

penguin and W -box diagrams, as shown in

Fig. 2, or from pure quantum electroweak

effects. Separating the contributions to the

one-loop amplitude according to the interme-

diate up-type quark running inside the loop,

we can write

A(s→ dνν̄) =
∑

q=u,c,t

V ∗qsVqdAq

∼







O(λ5m2
t ) + iO(λ5m2

t ) (q=t)

O(λm2
c) + iO(λ5m2

c) (q=c)

O(λΛ2
QCD) (q=u)

(2)

where Vij denote the elements of the CKM

matrix. The hierarchy of these elements

would favour up- and charm-quark contri-

butions; however, the hard GIM mechanism

of the perturbative calculation implies Aq ∼
m2
q/M

2
W , leading to a completely different

scenario. As shown on the r.h.s. of (2), where

we have employed the standard CKM phase

convention (=Vus = =Vud = 0) and ex-

panded the Vij in powers of the Cabibbo an-

gle (λ = 0.22),2 the top-quark contribution

Raredec: submitted to World Scientific on January 23, 2002 2



For Publisher’s use

dominates both real and imaginary parts.a

This structure implies several interesting con-

sequences for A(s→ dνν̄):

a. it is dominated by short-distance dy-

namics, therefore its QCD corrections

are small and calculable in perturbation

theory;

b. it is very sensitive to Vtd, which is one

of the less constrained CKM matrix ele-

ments;

c. it is likely to have a large CP-violating

phase;

d. it is very suppressed within the SM

and thus very sensitive to possible new

sources of quark-flavour mixing.

Short-distance contributions to A(s→ dνν̄),

within the SM, can efficiently be described by

means of a single effective dimension-6 oper-

ator:

Qν
L = s̄Lγ

µdL ν̄LγµνL . (3)

Both next-to-leading-order (NLO) QCD

corrections8,9,10 and O(G3
Fm4

t ) electroweak

corrections11 to the Wilson coefficient of Qν
L

have been calculated, leading to a very pre-

cise description of the partonic amplitude. In

addition, the simple structure of Qν
L has two

important advantages:

• The relation between partonic and

hadronic amplitudes is quite accurate,

since hadronic matrix elements of the

s̄γµd current between a kaon and a pion

are related by isospin symmetry to those

entering Kl3 decays, which are experi-

mentally well known.

• The lepton pair is produced in a state of

definite CP and angular momentum, im-

plying that the leading SM contribution

to KL → π0νν̄ is CP-violating.

a The Λ2
QCD

factor in the last line of (2) follows from

a naive estimate of long-distance effects.

2.1 SM uncertainties

The dominant theoretical error in estimating

the K+ → π+νν̄ rate is due to the sublead-

ing, but non-negligible charm contribution.

Perturbative NNLO corrections in the charm

sector have been estimated10 to induce an er-

ror in the total rate of around 10%, which

can be translated into a 5% error in the de-

termination of |Vtd| from B(K+ → π+νν̄).

Recently, also non-perturbative effects intro-

duced by the integration over charmed de-

grees of freedom have been analysed12 and

turns out to be within the error of NNLO

terms. Finally, genuine long-distance effects

associated to light-quark loops have been

shown13 to be negligible with respect to the

uncertainties from the charm sector.

The case of KL → π0νν̄ is even cleaner

from the theoretical point of view.14 Be-

cause of the CP structure, only the imag-

inary parts in (2) –where the charm con-

tribution is absolutely negligible– contribute

to A(K2 → π0νν̄). Thus the dominant

direct-CP-violating component of A(KL →
π0νν̄) is completely saturated by the top con-

tribution, where QCD corrections are sup-

pressed and rapidly convergent. Intermedi-

ate and long-distance effects in this process

are confined only to the indirect-CP-violating

contribution15 and to the CP-conserving

one,16 which are both extremely small. Tak-

ing into account the isospin-breaking correc-

tions to the hadronic matrix element,17 we

can write an expression for the KL → π0νν̄

rate in terms of short-distance parameters,

namely10,15

B(KL → π0νν̄)SM = 4.16× 10−10

×
[

mt(mt)

167 GeV

]2.30 [=(V ∗tsVtd)
λ5

]2

, (4)

which has a theoretical error below 3%.

The high accuracy of the theoretical pre-

dictions of B(K+ → π+νν̄) and B(KL →
π0νν̄) in terms of modulus and phase of λt =

V ∗tsVtd clearly offers the possibility of very in-

teresting tests of the CKM mechanism. A
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Figure 3. Possible future comparison between K →

πνν̄ rates and clean B-physics observables (in the
presence of new physics).18

measurement of both channels would provide

two independent pieces of information on the

unitarity triangle, or a determination of ρ̄ and

η̄. In principle, as shown in Fig. 3, very pre-

cise and highly non-trivial tests of the CKM

mechanism could be obtained by the compar-

ison of the following two sets of data:15 the

two K → πνν̄ rates on one side, the ratio

∆MBd
/∆MBs

and the time-dependent CP

asymmetry in B → J/ΨKS on the other side.

The two sets are both determined by very dif-

ferent loop amplitudes (∆S = 1 FCNCs and

∆B = 2 mixing) and both suffer of very small

theoretical errors.

At present the SM predictions of the two

K → πνν̄ rates are not extremely precise ow-

ing to the limited knowledge of λt. Taking

into account all the indirect constraints, the

allowed range is given by10

B(K+ → π+νν̄)SM = (0.8± 0.3)× 10−10 (5)

B(KL → π0νν̄)SM = (2.8± 1.1)× 10−11 (6)

2.2 Beyond the SM: general

considerations

As far as we are interested only in rare FCNC

transitions, we can roughly distinguish the

extensions of the SM into two big categories:

• Models with minimal flavour violation,

or models where the only source of

quark-flavour mixing is the CKM ma-

trix (e.g. the two-Higgs-doublet model

of type II, the constrained minimal su-

persymmetric SM, etc.). In this case

non-standard contributions are severely

limited by the constraints from elec-

troweak data. However, we stress that

the high-precision obtained by LEP and

SLC at the Z peak (typically at the per

mille level), refers to observables that re-

ceive tree-level contributions within the

SM. The accuracy on the pure quan-

tum electroweak effects barely reaches

the 10% level. Thus even within this

constrained scenario one can expect de-

viations at the 10%–30% level in ob-

servables such as K → πνν̄ rates. De-

tailed calculations performed within the

flavour-constrained MSSM confirm this

expectation.19 In principle these effects

could be detected, since they are above

the intrinsic theoretical errors.

• Models with new sources of quark-flavour

mixing, such as generic SUSY extensions

of the SM, models with new generations

of quarks, etc. On general grounds this

category is the most natural one, since

we expect some mechanism beyond the

SM to be responsible for the observed

flavour structure. Indeed the case of

minimal flavour violation can be consid-

ered as a particular limit of this gen-

eral category: the limit where the new

sources of quark-flavour mixing appear

only well above the electroweak scale.

FCNCs could be dramatically affected

by the presence of new sources of quark-

flavour mixing, if the latter leads to over-

coming the strong CKM hierarchy. This

effect is potentially more pronounced in

rare FCNC kaon decays, where the CKM

structure implies an O(λ5) suppression

of the leading amplitude, than in B de-
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Table 1. Theoretical cleanliness of Γ(KL → π0νν̄),

Γ(B → Xsγ) and (g − 2)µ: δW denotes the pure

electroweak contribution; δQCD the impact of QCD

corrections (both perturbative and non-perturbative

ones); ∆th the overall theoretical uncertainty.

Observable δQCD/δW ∆th/δW

Γ(KL → π0νν̄) < 10% < 3%

Γ(B → Xsγ) ∼ 300% (10–15)%

(g − 2)µ ∼ 4000% (50–100)%

cays. This naive expectation can ex-

plicitly be realized in specific and con-

sistent frameworks.20−23 In particular,

within the non-constrained MSSM it is

found22 that B(KL → π0νν̄) and/or

BCPV−dir(KL → π0e+e−) (to be defined

later) could be enhanced over SM expec-

tations up to one order of magnitude.

In general it is not easy to compare the sen-

sitivity of different observables to physics be-

yond the SM, without making specific as-

sumptions about it, and at present we have

very limited clues about the nature of non-

standard physics. In this situation, we be-

lieve that a useful guiding principle is pro-

vided by the theoretical cleanliness of a given

process. In Table 1 we compare three well-

known examples of observables that probe

electroweak amplitudes at the quantum level:

Γ(KL → π0νν̄), Γ(B → Xsγ) (to be dis-

cussed later) and the anomalous magnetic

moment of the muon.24 As can be noted,

the limited impact of QCD effects makes

Γ(KL → π0νν̄) a privileged observatory. Of

course this comparison is a bit provocative

and should not be taken too seriously (the

weak amplitudes probed by the three pro-

cesses are clearly different), but it illustrates

well the virtues of KL → π0νν̄.

2.3 Experimental perspectives

The search for processes with missing en-

ergy and branching ratios below 10−10 is defi-

nitely a very difficult challenge, but has been

proved not to be impossible.b A strong ev-

idence of K+ → π+νν̄ has been obtained

by the E787 experiments at BNL: a single

event was observed in a signal region where

the background expectation is below 10%.27

The branching ratio inferred from this result,

B(K+ → π+νν̄) = (1.5+3.4
−1.2)× 10−10 , (7)

is consistent with SM expectations, although

the error does not allow precision tests of the

model yet. E787 has completed its data tak-

ing in 1999 and should soon release a final

analysis, including a new sample with statis-

tics comparable to all its previous published

results. In the meanwhile, a substantial up-

grade of the experimental apparatus has been

undertaken, resulting in a new experiment

(BNL-E949) that should start taking data

this year, with the goal of collecting about

10 events (at the SM rate) by 2003. In the

longer term, a high-precision result on this

mode will arise from the CKM experiment

at Fermilab, which aims at a measurement of

B(K+ → π+νν̄) at the 10% level (see Fig. 4).

Unfortunately the progress concerning

the neutral mode is much slower. No ded-

icated experiment has started yet (contrary

to the K+ case) and the best direct limit is

more than four orders of magnitude above

the SM expectation.29 An indirect model-

independent upper bound on Γ(KL → π0νν̄)

can be obtained by the isospin relation28

Γ(K+ → π+νν̄) =

Γ(KL → π0νν̄) + Γ(KS → π0νν̄) (8)

which is valid for any s → dνν̄ local oper-

ator of dimension ≤ 8 (up to small isospin-

breaking corrections). Using the BNL-E787

result (7), this implies25

B(KL → π0νν̄) < 2.6×10−9 (90% CL) . (9)

b Extensive discussions about the experimental

search for rare K decays can be found in the recent

literature.18,25,26
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Figure 4. History and future prospects in the exper-
imental search for K+ → π+νν̄.26

Any experimental information below this fig-

ure can be translated into a non-trivial con-

straint on possible new-physics contributions

to the s → dνν̄ amplitude. The first exper-

iment that should reach this goal is E931a

at KEK,25 at present under construction,

which will also be the first KL → π0νν̄

dedicated experiment. The goal of KEK-

E931 is to reach a single-event sensitivity

(SES) of 10−10. The only approved exper-

iment that could reach the SM sensitivity

on KL → π0νν̄ is KOPIO at BNL,25 whose

goal is a SES of 10−13, or the observation

of about 50 signal events (at the SM rate)

with signal/background ≈ 2. It is worth-

while to stress that KOPIO will be rather dif-

ferent from all existing kaon experiments at

hadron colliders. Using a low-energy micro-

bounced beam, KOPIO will be able to mea-

sure the KL momentum by means of the time

of flight. This measurement, together with

the information on energy and directions of

the two π0 photons, substantially enhance

the discriminating power against the back-

ground (dominated by KL → 2π0 with miss-

ing photons). Unfortunately the construc-

tion of KOPIO has not started yet because of

funding problems; if these can be solved soon,

the experiment could start to run in 2006.

Needless to say that, given the theoretical in-

terest and the experimental difficulty, an in-

dependent experimental set-up dedicated to

KL → π0νν̄ would be very welcome.18

3 K → π`+`− and K → `+`−

Similarly to K → πνν̄, short-distance con-

tributions to K → π`+`− and K → `+`−

are calculable with high accuracy and are

highly sensitive to modulus and phase of

λt. However, in these processes the size of

long-distance contributions is usually much

larger because of electromagnetic interac-

tions. Only in few cases (mainly in CP-

violating observables) are long-distance con-

tributions suppressed and is it then possible

to extract the interesting short-distance in-

formation.

3.1 K → π`+`−

Contrary to the s→ νν̄ case, the GIM mech-

anism of the s → dγ∗ amplitude is only

logarithmic.30 As a result, the K → πγ∗ →
π`+`− amplitude is completely dominated

by long-distance dynamics and provides a

large contribution to the CP-allowed transi-

tions K+ → π+`+`− and KS → π0`+`−.31

This amplitude can be described in a model-

independent way in terms of two form factors,

W+(z) and WS(z), defined by32

i

∫

d4xeiqx〈π|T {Jµem(x)L∆S=1(0)} |Ki〉 =

Wi(z)

(4π)2
[

z(pK + pπ)
µ − (1− r2π)q

µ
]

, (10)

where q = pK − pπ, z = q2/M2
K and rπ =

Mπ/MK . The two form factors are non sin-

gular at z = 0 and, because of gauge invari-

ance, vanish to lowest order in chiral pertur-

bation theory (CHPT).31 Beyond lowest or-
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der two separate contributions to Wi(z) can

be identified: a non-local term, W ππ
i (z), due

to the K → 3π → πγ∗ scattering, and a lo-

cal term, W pol
i (z), which encodes the contri-

butions of unknown low-energy constants (to

be determined by data). At O(p4) the local

term is simply a constant, whereas at O(p6)

also a linear slope in z arises. Note that al-

ready at O(p4) chiral symmetry alone does

not help to relate WS and W+, or KS and

K+ decays.31

Recent results on K+ → π+e+e− and

K+ → π+µ+µ− by BNL-E86533 indicates

very clearly that, owing to a large linear

slope, the O(p4) expression of W+(z) is not

accurate enough. This should not be con-

sidered as a failure of CHPT, rather as an

indication that large O(p6) contributions are

present in this channel. Indeed the O(p6) ex-

pression of W+(z) seems to fit the data well.

Interestingly, this is not only due to a new

free parameter appearing at O(p6), but it is

also due to the presence of the non-local term.

The evidence of the latter provides a really

significant test of the CHPT approach.

Knowing W+(z), we can make reliable

predictions about the CP-violating asymme-

try between K+ → π+`+`− and K− →
π−`+`− distributions. This asymmetry is

generated by the interference between the ab-

sorptive contribution of W+(z) and the CP-

violating phase of the s→ d`+`− amplitude,

dominated by short-distance dynamics.31

The integrated asymmetry for M`+`− ≥ 2Mπ

is around 10−4, within the SM, for both elec-

tron and muon modes.32 A measurement at

the 10% level, consistent with zero, has re-

cently been reported by the HyperCP Col-

laboration at Fermilab.34 In the near future

significant improvements can be expected by

the charged-kaon extension of the NA48 ex-

periment at CERN,35 although the sensitiv-

ity is likely to remain very far from SM ex-

pectations.

Similarly, also KS → π0`+`− decays are

dominated by long-distance dynamics; how-

ever, in this case non-local terms are very

suppressed. To a good approximation, the

KS → π0e+e− rate can be written as

B(KS → π0e+e−) = 5× 10−9 × a2S (11)

where aS , defined by W pol
S (0) = GFm2

KaS ,

is expected to be O(1). The recent bound36

B(KS → π0e+e−) < 1.4 × 10−7 is still one

order of magnitude above the most optimistic

expectations, but a measurement or a very

stringent bound on |aS | will soon arise from

the KS-dedicated run of NA4835 and/or from

KLOE at Frascati.37

Apart from its intrinsic interest, the de-

termination of B(KS → π0e+e−) has im-

portant consequences on the KL → π0e+e−

mode. Here the long-distance part of the

single-photon exchange amplitude is forbid-

den by CP invariance and the sensitiv-

ity to short-distance dynamics in enhanced.

The direct-CP-violating part of the KL →
π0`+`− amplitude is conceptually similar to

the one of KL → π0νν̄: it is calculable with

high precision, being dominated by the top-

quark contribution,38 and is highly sensitive

to non-standard dynamics.22 This amplitude

interfere with the indirect-CP-violating con-

tribution induced by KL–KS mixing, leading

to32

B(KL → π0e+e−)CPV = 10−12

×
[

15.3a2S ± 6.8
=λt
10−4

|aS |+ 2.8

( =λt
10−4

)2
]

(12)

where the ± depends on the relative sign

between short- and long-distance contribu-

tions, and cannot be determined in a model-

independent way. Given the present uncer-

tainty on B(KS → π0e+e−), at the mo-

ment we can only set a rough upper limit of

5.4×10−10 on the sum of all the CP-violating

contributions to this mode, to be compared

with the direct limit of 5.6× 10−10 obtained

by KTeV at Fermilab.40

An additional contribution to KL →
π0`+`− decays is generated by the CP-
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Figure 5. Two-photon contribution to KL → `+`−.

conserving long-distance processes KL →
π0γγ → π0`+`−.39 This amplitude does not

interfere with the CP-violating one, and re-

cent data35 on KL → π0γγ (at small dilep-

ton invariant mass) by NA48 indicate that

it is very suppressed, with an impact on

B(KL → π0e+e−) at the level of few×10−12
at most. Moreover, if the KL → π0e+e−

were observed, the CP-conserving contribu-

tion could efficiently be isolated by a Dalitz

plot analysis.

At the moment there exist no defi-

nite plans to improve the KTeV bound on

B(KL → π0e+e−). The future information

on B(KS → π0e+e−) will play a crucial role

in this respect: if aS were in the range that

maximizes the interference effect in (12), we

believe it would be worths while to start a

dedicated program to reach sensitivities of

10−12.

3.2 KL → `+`−

Both KL → µ+µ− and KL → e+e− de-

cays are dominated by the long-distance am-

plitude in Fig. 5. The absorptive part of

the latter is determined to good accuracy

by the two-photon discontinuity and is cal-

culable with high precision in terms of the

KL → γγ rate. On the other hand, the dis-

persive contribution of the two-photon am-

plitude is a source of considerable theoretical

uncertainties.

In the KL → e+e− mode the dispersive

integral is dominated by a large infrared loga-

rithm [∼ ln(m2
K/m2

e)], the coupling of which

can be determined in a model-independent

way from Γ(KL → γγ). As a result, Γ(KL →

e+e−) can be estimated with good accuracy41

but is almost insensitive to short-distance dy-

namics.

The KL → µ+µ− mode is certainly more

interesting from the short-distance point of

view. Here the two-photon long-distance am-

plitude is not enhanced by large logs and is

almost comparable in size with the short-

distance one,8 sensitive to <λt. Actually

short- and long-distance dispersive parts can-

cel each other to a good extent, since the total

KL → µ+µ− rate (measured with high preci-

sion by BNL-E87142) is almost saturated by

the absorptive two-photon contribution:43

B(KL → µ+µ−)exp = (7.15± 0.16)× 10−9

B(KL → µ+µ−)abs2γ =
α2
emm2

µ

2m2
Kβµ

[

ln
1− βµ
1 + βµ

]2

×B(KL → γγ) = (7.00± 0.18)× 10−9

[βµ = (1 − 4m2
µ/m

2
K)1/2]. The accuracy on

which we can bound the two-photon disper-

sive integral determines the accuracy of pos-

sible bounds on <λt. A partial control of the

KL → γ∗γ∗ form factor, which rules the dis-

persive integral, can be obtained by means

of KL → γ`+`− and KL → e+e−µ+µ−

spectra; additional constraints can also be

obtained from model-dependent hadronic

ansatze and/or perturbative QCD.44,45 Com-

bining this information, significant upper

bounds on <λt (or lower bounds on ρ̄) have

recently been obtained.42,46 The reliability of

these bounds has still to be fully investigated,

but some progress can be expected in the near

future. On the experimental side, a global

and model-independent analysis could help

to clarify the existing discrepancy46 about

the KL → γ∗γ form factor extracted from

KL → γe+e− and KL → γµ+µ− modes; a

better measurement of the KL → γγ rate

would also decrease the overall uncertainty of

the absorptive contribution. On the theoret-

ical side, the extrapolation of the form factor

in the high-energy region, which so far re-

quires model-dependent assumptions, could

possibly be limited by means of lattice calcu-
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Figure 6. Present constraints in the ρ̄–η̄ plane from
rare K decays (see text). The small dark region close

to the origin denotes the constraints from B-physics
and εK (see Fig. 1).

lations.

3.3 Rare K decays and the unitarity

triangle

To conclude the discussion about rare K de-

cays, we summarize in Fig. 6 the present

impact of these modes in constraining the

ρ̄–η̄ plane (complementing a recent plot by

Littenberg26). The K+ → π+νν̄ constraints

are those reported by BNL-E787.26,27 The

bound from KL,S → π0e+e− has been ob-

tained by means of Eq. (12), combining the

recent experimental limits from KTeV40 and

NA4836 on KL and KS decays, respectively.

Finally, the KL → µ+µ− constraint has

been obtained by means of the KL → γ∗γ∗

form factor by D’Ambrosio et al.,45 com-

bining theoretical and experimental errors

linearly26 (dashed region) or in a Gaussian

way46 (dashed vertical lines). These bounds

are clearly less precise than those from B-

physics; however, the comparison is already

non-trivial, given the different nature of the

amplitudes involved. Interesting develop-

ments in the near future could arise by an in-

crease of the lower bound on B(K+ → π+νν̄),

possible if BNL-E787 has collected new signal

events.

4 FCNCs in B decays: generalities

Inclusive rare B decays such as B → Xsγ,

B → Xs`
+`− and B → Xsνν̄ are the natural

framework for high-precision studies of FC-

NCs in the ∆B = 1 sector.47 Perturbative

QCD and heavy-quark expansion48 form a

solid theoretical framework to describe these

processes: inclusive hadronic rates are re-

lated to those of free b quarks, calculable

in perturbation theory, by means of a sys-

tematic expansion in inverse powers of the

b-quark mass.

The starting point of the perturbative

partonic calculation is the determination of a

low-energy effective Hamiltonian, renormal-

ized at a scale µ = O(mb), obtained by inte-

grating out the heavy degrees of freedom of

the theory. For b→ s transitions –within the

SM– this can be written as

Heff=−
GF√
2
V ∗tsVtb

10, ν
∑

i=1

Ci(µ)Qi + h.c. (13)

where Q1...6 are four-quark operators, Q8 is

the chromomagnetic operator,

Q7 =
e

4π2
s̄LσµνmbbRF

µν (14)

Q9 =
e2

4π2
s̄Lγ

µbL ¯̀γµ` (15)

Q10 =
e2

4π2
s̄Lγ

µbL ¯̀γµγ5` (16)

and Qν is the b → s analogue of Qν
L in

Eq. (3). Within the SM, the coefficients of

all the FCNC operators (Q7, Q9, Q10 and

Qν) receive a large non-decoupling contribu-

tion from top-quark loops at the electroweak

scale. Nonetheless, the mt dependence is not

the same for all the operators, reflecting a dif-

ferent SU(2)L-breaking structure, which can

Raredec: submitted to World Scientific on January 23, 2002 9
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be affected in a rather different way by new-

physics contributions.49

The calculation of partonic rates then in-

volves three distinct steps: i) the determi-

nation of the initial conditions of the Wil-

son coefficients at the electroweak scale; ii)

the evolution by means of renormalization-

group equations (RGEs) of the Ci down to

µ = O(mb); iii) the evaluation of the QCD

corrections to the matrix elements of the ef-

fective operators at µ = O(mb). The inter-

esting short-distance dynamics that we would

like to test enters only in the first step; how-

ever, the following two steps are fundamental

ingredients to reduce and control the theoret-

ical error. The status of these steps for the

three main channels can be summarized as

follows:

b→ sγ As anticipated, QCD corrections

play an important role in b → sγ: the

large logarithms generated by the mix-

ing of four-quark operators with Q7 (see

Fig. 7) enhance the partonic rate by a

factor of almost three.50 Since the mix-

ing of Q7 with Q1...6 vanishes at the

one-loop level, in this case a full treat-

ment of QCD corrections beyond lead-

ing logarithms is a rather non-trivial

task. This has been achieved thanks

to the joint effort of many authors.47

In particular, the original calculations of

SM initial conditions51 and matrix el-

ement corrections52 have already been

confirmed by different groups;53,54 the

only part of the SM result performed

by a single collaboration is the three-

loop mixing of Q7 and Q1...6 (notably

the most difficult step of the whole

calculation).55 The accuracy of the per-

turbative SM result has also been im-

proved with the inclusion of sublead-

ing electroweak corrections.56 Finally,

the initial conditions of Wilson coeffi-

cients have been determined beyond low-

est order also in the two-Higgs doublet

model of type II57 and in the constrained

Q
1−6

c

g

γ

Q
1−6

c

Figure 7. Representative diagrams for the mixing of

four-quark operators into Q7 (left) and Q9 (right).

MSSM.58,59

b→ s`+`− Since Q9 mixes with four-quark

operators already at the one-loop level

(see Fig. 7), in this case QCD correc-

tions are even more important than for

b → sγ. This fact facilitates the NLO

calculation,60 but enhances the relative

importance of NNLO corrections. The

latter have recently become available for

the initial conditions and (part of) the

matrix elements.61

Interestingly, the impact of QCD cor-

rections is very limited in the axial-

current operator Q10, which also con-

tributes to b → s`+`−. This opera-

tor does not mix with four-quark oper-

ators and is completely dominated by

short-distance contributions. Together

withQν , Q10 belongs to the theoretically

clean O(G2
F ) hard-GIM-protected part

of the effective Hamiltonian (13). Thus

observables more sensitive to Q10, such

as the forward-backward lepton asym-

metry, have a reduced QCD uncertainty

and a strong sensitivity to possible non-

standard phenomena.

b→ sνν̄ QCD corrections to the b → sνν̄

amplitude are the same as needed for

the s → dνν̄ one,8,9,10 with the advan-

tage that charm- and light-quark contri-

butions are not CKM-enhanced and thus

are completely negligible also in the real

(CP-conserving) part. In other words,
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the only non-trivial step of the pertur-

bative calculation for b → sνν̄ decays is

the determination of the initial condition

of Cν , which is known with a precision

around 1% within the SM.

The experimental upper limit

B(B → Xsνν̄) < 6.4× 10−4 (17)

has been announced this year by

the ALEPH collaboration at LEP.62

This has to be compared with a SM

prediction47 of about 3.5 × 10−5. Sim-

ilarly to K → πνν̄ decays, the b → sνν̄

transition can probe many new-physics

scenarios63 and deserve the maximum of

attention. Hopefully, the gap between

SM expectations and experimental lim-

its could decrease in the next few years

at B-factory experiments.

The three steps of the perturbative calcula-

tion can easily be transferred from the b→ s

case to the b → d one,64 although the struc-

ture of the effective Hamiltonian is richer in

the latter, owing to the presence of two com-

parable CKM factors (V ∗tdVtb and V ∗usVub).

Being insensitive to Vtd, b→ s transitions are

not interesting for precision tests in the ρ̄–η̄

plane; these processes are particularly useful

to constrain (or even to detect) possible ex-

tensions of the SM. On the contrary, b → d

transitions are very sensitive to ρ̄ and η̄, but

are clearly disfavoured from the experimental

point of view because of the additional O(λ2)

suppression.

5 B → Xs,dγ

The inclusive B → Xsγ rate is the most sig-

nificant information that we have at present

on ∆B = 1 FCNCs. New precise measure-

ments have recently been reported by CLEO

at Cornell65 and by BELLE at KEK.66 Com-

bining them with previous determinations,43

the world average reads

B(B → Xsγ)
exp = (3.23±0.42)×10−4 (18)

On the theory side, non-perturbative 1/mb

corrections are well under control in the to-

tal rate. In particular, O(1/mb) corrections

vanish in the ratio Γ(B → Xsγ)/Γ(B →
Xc`ν), and the O(1/m2

b) ones are known

and amount to few per cent.67 Also non-

perturbative effects associated to charm-

quark loops have been estimated and found

to be very small.68,69,70 The most serious

problem of non-perturbative origin is related

to the (unavoidable) experimental cut in the

photon energy spectrum that prevents the

measurement from being fully inclusive.69,71

With the present cut by CLEO,65 Eγ >

2.0 GeV, this uncertainty is smaller but non-

negligible with respect to the error of the per-

turbative calculation. The latter is around

10% and its main source is the uncertainty in

the ratio mc/mb that enters through charm-

quark loops.72 According to a recent analysis

of all the theoretical uncertainties,72 the SM

expectation is given by

B(B → Xsγ)SM = (3.73±0.30)×10−4 , (19)

in good agreement with Eq. (18). Some com-

ments are in order:

• The central value of the SM prediction

in Eq. (19) is considerably higher than

in all previous analyses since mc(µ) has

been used, rather than the charm pole

mass, in the ratio mc/m
pole
b appearing

in charm-quark loops. This choice is be-

lieved to minimize NNLO corrections.72

• The overall scale dependence is very

small: for µ ∈ [mb/2, 2mb] the cen-

tral value moves by about 1%. There-

fore the error in Eq. (19) is an educated

guess, whose dominant source is the vari-

ation of mc(µ)/m
pole
b for µ ∈ [mc,mb]

[note that the scale-independent ratio

mc(µ)/mb(µ) is well within this inter-

val]. Additional uncertainties have been

combined in quadrature; it is thus more

appropriate to consider the r.h.s. of

Eq. (19) as central value and standard
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deviation of a Gaussian distribution,

rather than as a flat interval.

• Eq. (19) does not include the error in-

duced by the extrapolation below the Eγ

cut. This theoretical uncertainty is in-

cluded in the experimental result and,

for Emin
γ = 2.0 GeV, is around 50% of

the error in (19). It is worth while to

stress that precise data on the photon

spectrum (above the cut) could help to

have a better control on this source of

uncertainty.71

The comparison between theory and experi-

ments in B(B → Xsγ) is a great success of

the SM and has led us to derive many sig-

nificant bounds on possible new-physics sce-

narios. Non-standard effects of O(1) are def-

initely excluded, resulting in stringent con-

straints of models with generic flavour struc-

tures, like the unconstrained MSSM.73 Devi-

ations at the 10%–30% level, as generally ex-

pected within models with minimal flavour

violation,58,72,74 are still possible, and im-

proved measurements of B(B → Xsγ) are

certainly useful to further constrain this pos-

sibility. On the other hand, since the experi-

mental error has reached the level of the the-

oretical one, it will be very difficult to clearly

identify possible deviations from the SM, if

any, in this observable.

Hopes to detect new-physics signals are

still open through the CP-violating asymme-

try

As
CP =

Γ(B → Xsγ)− Γ(B̄ → Xsγ)

Γ(B → Xsγ) + Γ(B̄ → Xsγ)
. (20)

This is expected to be below 1% within the

SM,64,75 but could easily reach O(10%) val-

ues beyond the SM, even in the absence of

large effects in the total B → Xsγ rate.

The present measurement of As
CP is consis-

tent with zero,76 but the sensitivity is still

one order of magnitude above the SM level.

The experimental search for the Bd →
Xdγ transition is clearly a very hard task.

In particular, the background generated by

Bd → Xsγ, which has a rate 10–20 times

larger,64 appears to be a serious obstacle for

the inclusive measurement, at least in the

short term. More promising from the exper-

imental point of view are exclusive b → d

transitions, such as B → ργ, which have been

the subject of recent systematic analyses be-

yond the naive factorization approach.77−80

At present the overall theoretical error on

B(B → ργ) is around 30% and is domi-

nated by the uncertainty on the hadronic

form factors.80 Lattice calculations and new

experimental data could possibly help to re-

duce this error in the near future.

Similarly to the b→ s case, also in b→ d

transitions CP asymmetries are a powerful

tool to search for new physics. An observable

particularly appealing both from the exper-

imental and the theoretical point of view is

the following inclusive asymmetry

B(B → Xsγ) + B(B → Xdγ)−
[

B → B̄
]

.

(21)

Because of the unitarity of the CKM matrix,

the asymmetry (21) is expected to be vanish-

ingly small within the SM [of O(10−9)]81 and

thus is an excellent probe of non-standard

scenarios.

6 Inclusive and exclusive b→ s`+`−

transitions

The experimental search for FCNC decays of

the B meson into a charged-lepton pair is

just entering into an exciting era: the first

evidence of this type of transition has been

announced by BELLE at this conference82

B(B → K`+`−) = (0.75+0.25
−0.21 ± 0.09)× 10−6

(22)

and upper bounds very close to SM expecta-

tions have been reported both by BABAR83

and BELLE82 for all the three-body decays

of the type B → (K,K∗) + (µ+µ−, e+e−).

Similarly to the b → sγ case, the

cleanest theoretical predictions are obtained

Raredec: submitted to World Scientific on January 23, 2002 12



For Publisher’s use

for sufficiently inclusive observables. Non-

perturbative 1/mb corrections are well under

control in the total rate and in the differential

dilepton spectrum d(Γ → Xs`
+`−)/ds (but

for the end-point s = M2
`+`−/m

2
b ≈ 1).84,85

Non-perturbative effects associated to charm-

quark loops are very large forM`+`− in the re-

gion of the narrow cc̄ resonances (see Fig. 8),

but they are under control sufficiently far

from this region.70,86 As a result of these two

effects, the cleanest predictions can be per-

formed for M2
`+`−

<
∼ 6 GeV2.

An important feature of b → s`+`+

transitions is their sensitivity to the Wil-

son coefficients C9,10. The latter could be

strongly modified in several new-physics sce-

narios, without observable consequences on

b→ sγ.87−90 As long as the basis of effective

operators is the SM one, the purely pertur-

bative dilepton spectrum can be written as60

d

ds
Γ(B → Xse

+e−) ∝ (1− s)2

×
{

4
s+ 2

s
|C7|2 + 12<

[

C∗7C
eff
9 (s)

]

+(1 + 2s)
(

∣

∣Ceff
9 (s)

∣

∣

2
+|C10|2

)}

, (23)

where Ceff
9 (s) is an appropriate combination

of C9 and the Wilson coefficients of four-

quark operators.60 At very small s, the dom-

inant contribution is that of C7, enhanced by

1/s; however, for s ≈ 0.1 a rapid change

of slope is expected because of the inter-

ference between C7 and C9 (see Fig. 8).

Since this effect occurs in the theoretically

clean part of the spectrum, it could be used

to perform new high-precision tests of the

SM. Even more interesting short-distance

tests could be performed by means of the

forward–backward asymmetry of the dilepton

distribution.87

The high-precision studies allowed by in-

clusive modes will certainly have to wait a

few years because of experimental difficul-

ties. On the other hand, three-body exclu-

sive modes are certainly within the reach of

B-factories. The recent bounds89,90 on B →

s = q2/mb
2

resonance 
region10

5 
[d

Γ(
B

→
X

s 
e+ e− )/

ds
]/

Γ(
B

→
X

c 
ev

)

Figure 8. Dilepton spectrum of the inclusive B →

Xse
+e− decay within the SM. The full line denote

the pure perturbative result (at fixed renormalization
scale), dashed and dash-dotted lines correspond to

estimates of non-perturbative cc̄ effects.70,86

(K,K∗)+(µ+µ−, e+e−) already led us to ex-

clude some of the most exotic new-physics

scenarios:88,89,90 non-standard contributions

to C9,10 can be at most of the same order

as that of the SM. Given this situation, it

is difficult to detect possible deviations from

the SM in the total exclusive rates, where

the theoretical uncertainties are around 30%

(or above). A much more interesting observ-

able in this respect is provided by the lepton

forward–backward (FB) asymmetry. In the

B → K∗µ+µ− case this is defined as

AFB(s) =
1

dΓ(B → K∗µ+µ−)/ds

∫ 1

−1

d cos θ

d2Γ(B → K∗µ+µ−)

ds d cos θ
sgn(cos θ) , (24)

where θ is the angle between µ+ and B mo-

menta in the dilepton centre-of-mass frame.

Assuming that the leptonic current has only a

vector (V ) or axial-vector (A) structure, then

the FB asymmetry provides a direct measure

of the A–V interference. Indeed, at LO and

employing the SM operator basis, one can

write

AFB(s) ∝ Re

{

C∗10

[

s Ceff
9 + r(s)

mbC7

mB

]}
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Figure 9. Forward-backward asymmetry of B− →

K∗−`+`− at LO and NLO. The band reflects all

theoretical uncertainties from parameters and scale

dependence combined.79

where r(s) is an appropriate ratio of hadronic

form factors.91 The overall factor ruling the

magnitude of AFB(s) is affected by sizeable

theoretical uncertainties. Nonetheless, there

are three features of this observable that pro-

vide a clear and independent short-distance

information:

i. Within the SM AFB(s) has a zero in the

low-s region (see Fig. 9).91 The position

of this zero, which depends on the rela-

tive magnitude and sign of C7 and C9,

can be determined to a good accuracy

within the SM. As recently shown by

means of a full NLO calculation,79 the

experimental measurement of s0 could

allow a determination of C7/C9 at the

10% level.

ii. The sign of AFB(s) around the zero is

fixed unambiguously in terms of the rel-

ative sign of C10 and C9:
90 within the

SM one expects AFB(s) > 0 for s > s0,

for B̄ mesons, as shown in Fig. 9.

iii. In the limit of CP conservation one ex-

pects A
(B̄)
FB(s) = −A

(B)
FB(s). This holds

at the per-mille level within the SM,90

where C10 has a negligible CP -violating

phase, but it could be substantially dif-

ferent in the presence of new physics.

6.1 Bs,d → `+`−

The purely leptonic decays constitute a spe-

cial case among exclusive transitions. Within

the SM only the axial-current operator, Q10,

induces a non-vanishing contribution to these

processes. As a result, the short-distance

contribution is not diluted by the mixing

with four-quark operators. Moreover, the

hadronic matrix element involved is the sim-

plest we can consider, namely the B-meson

decay constant

〈0|q̄γµγ5b|B̄q(p)〉 = ipµfBq
(25)

Reliable estimates of fBd
and fBs

are ob-

tained at present from lattice calculations

and in the future it will be possible to cross-

check these results by means of the B+ →
`+ν rate. Modulo the determination of fBq

,

the theoretical cleanliness of Bs,d → `+`− de-

cays is comparable to that of KL → π0νν̄ and

B → Xs,dνν̄.

Compared to their kaon counterparts

(KL → µ+µ− and KL → e+e−) Bs,d → `+`−

decays have the big advantage that the two-

photon amplitude is completely negligible.c

However, the price to pay is a strong helic-

ity suppression for ` = µ (and ` = e), or the

channels with the best experimental signa-

ture. Employing the full NLO expression9,10

of C10, we can write

B(Bs → µ+µ−)SM = 3.1× 10−9
( |Vts|
0.04

)2

×
(

fBs

0.21 GeV

)2(
τBs

1.6 ps

)(

mt(mt)

166 GeV

)3.12

B(Bs → τ+τ−)SM
B(Bs → µ+µ−)SM

= 215 .

The corresponding Bd modes are both sup-

pressed by an additional factor |Vtd/Vts|2

c The smallness of the two-photon contribution with

respect to the short-distance one in Bs,d → `+`− de-

cays can easily be deduced from a comparison with

the KL → `+`− case, once short- and long-distance

contributions are rescaled by the appropriate kine-

matical and CKM factors.
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= (4.0 ± 0.8) × 10−2. The present experi-

mental bound closest to SM expectations is

the one obtained by CDF, at Fermilab, on

Bs → µ+µ−:

B(Bs → µ+µ−) < 2.6× 10−6 (95% CL) ,

which is still very far from the SM level. The

latter will certainly not be reached before the

LHC era.

As emphasized in the recent litera-

ture,93−95 the purely leptonic decays of Bs

and Bd mesons are excellent probes of a spe-

cific type of new-physics amplitudes, namely

enhanced scalar (and pseudoscalar) FCNCs.

Scalar FCNC operators, such as b̄RsLµ̄RµL,

are present within the SM but are absolutely

negligible because of the smallness of down-

type Yukawa couplings. On the other hand,

these amplitudes could be non-negligible in

models with an extended Higgs sector. In

particular, within the MSSM, where two

Higgs doublets are coupled separately to up-

and down-type quarks, a strong enhance-

ment of scalar FCNCs can occur at large

tanβ = vu/vd.
93 This effect would be practi-

cally undetectable in non-helicity-suppressed

B decays and in K decays (because of the

small Yukawa couplings), but could enhance

B → `+`− rates by orders of magnitude, up

to the present experimental bounds.94,95 The

search for these processes is therefore very

interesting, even if we are still very far from

the SM level. Experiments at hadron collid-

ers, such as CDF or, in a long-term perspec-

tive, LHCb, are certainly advantaged in the

search of Bs,d → µ+µ−. B-factory experi-

ments could try to complement the picture

searching for Bd → τ+τ−.95

7 Other rare processes

7.1 FCNCs in D decays

The phenomenology of FCNCs with exter-

nal up-type quarks, such as charm, is com-

pletely different from the examples discussed

so far.96 In K and B decays the short-

distance dominance of the clean SM transi-

tions is ensured by the presence of the heavy

top, which induces non-decoupling contribu-

tions growing with mt [as explicitly shown in

(2)]. A similar phenomenon cannot occur in

c → u transitions, because of the simultane-

ous smallness of mb and of the CKM factor

VcbV
∗
ub. Even for c → u amplitudes with a

hard GIM mechanism, the long-distance con-

tribution dominates within the SM. As a re-

sult, FCNC D decays cannot be used to make

precision tests of the CKM mechanism.

In cases where it is possible to put a

firm upper bound on the long-distance con-

tribution, FCNC D decays can be used to

probe new-physics scenarios. This possibility

has recently been discussed for D → P`+`−,

D → V γ and D → γγ modes,97 where there

is still a considerable gap between SM expec-

tations and experimental limits. Note that

only exotic non-standard scenarios can be

probed by means of FCNC D decays. In-

deed, to be clearly identified, the new-physics

source should produce order-of-magnitude

enhancements over a long-distance SM am-

plitude.

7.2 Lepton-flavour-violating modes

Decays like KL → µe, K → πµe (as well as

similar D and B modes) are completely for-

bidden within the SM, where lepton flavour

is conserved, but are also absolutely negligi-

ble if we simply extend the model by includ-

ing only Dirac-type neutrino masses. A posi-

tive evidence of any of these processes would

therefore unambiguously signal new physics,

calling for non-minimal extensions of the SM.

In exotic scenarios, such as R-parity-

violating SUSY or models with leptoquarks,

the qi → qjµe amplitude can already be gen-

erated at tree level. In this case, even for

high new-physics scales it is possible to gen-

erate lepton-flavour transitions close to the

present experimental limits. In particular,
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the bound98

B(KL → µe) < 4.7× 10−12 , (26)

which is the most stringent limit on these

types of transitions, let us put a bound on

leptoquark masses above 100 TeV (assuming

electroweak couplings).

In more conservative scenarios, such as

the generic MSSM, where qi → qjµe tran-

sitions occur only at the one-loop level and

the mechanisms for quark- and lepton-flavour

mixing are separate, the rates for lepton-

flavour-violating K, D and B decays are nat-

urally well below the level of current exper-

imental bounds. Nonetheless, as recently

shown,99 the branching ratio for KL →
µe in the MSSM with generic flavour cou-

plings and R-parity conservation could be as

large as 10−15, a level that could be acces-

sible to a new generation of rare-K-decay

experiments.18

8 Conclusions

Rare FCNC decays of K and B mesons pro-

vide a unique opportunity to perform high-

precision tests of CP violation and flavour

mixing, both within and beyond the SM.

The B → Xsγ rate represents the high-

est peak in our present knowledge of FC-

NCs: both experimental and theoretical er-

rors have reached a comparable level of pre-

cision, around 10%, and the agreement be-

tween theory and data constitutes a highly

non-trivial constraint for many extensions of

the SM.

The lack of deviations from SM expec-

tations in Γ(B → Xsγ) should not discour-

age the search for other rare FCNC observ-

ables. As emphasized several times during

this talk, there are still several observables,

such as the forward–backward asymmetry in

B → K∗`+`− or the rates of B → `+`− and

K → πνν̄ modes, where sizeable deviations

from the SM are possible and are expected in

specific new-physics models.

The measurement of observables with

theoretical errors at the per-cent level, such

as Γ(KL → π0νν̄), Γ(B → Xsνν̄) and

Γ(Bs,d → µ+µ−), is a very important long-

term perspective. Even if new physics will

first be discovered elsewhere, e.g. at future

hadron colliders, the experimental study of

such processes would still be very useful to

investigate the flavour structure of any new-

physics scenario.
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